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Abstract

This paper proposes a unified operator-theoretic framework for analyzing the Finite Dif-
ference Method (FDM) and the Variational Iteration Method (VIM) for solving nonlinear
second-order boundary value problems (BVPs). The VIM iteration is interpreted as a
Picard-type fixed-point iteration in a Banach space, and a computable a priori error bound
is established under a Lipschitz condition on the nonlinearity. Concurrently, FDM is treated
as a finite-rank projection method, and its convergence is demonstrated via consistency and
stability. The main contribution of this work is a novel hybrid a posteriori error estimator
that uses the continuous VIM iterate to bound the global discretization error of the FDM
solution without requiring additional PDE solves or mesh-doubling, requiring only the
VIM iteration already computed as part of the error estimation process. Unlike traditional
residual-based estimators, the proposed estimator relies solely on the discrepancy between
the smooth semi-analytical approximation and the discrete numerical solution. Theoretical
convergence rates and the efficiency of the estimator are validated through numerical
experiments on a nonlinear BVP with a known exact solution and a non-solvable linear
BVP. The results indicate that the hybrid estimator provides a reliable and computationally
efficient indicator for adaptive mesh refinement.

Keywords: operator theory; finite difference method; variational iteration method; a posteriori
error estimation; boundary value problems; Banach spaces; adaptive mesh refinement.
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1. Introduction

Boundary value problems (BVPs) for second-order ordinary differential equations (ODEs)
model a vast array of physical phenomena, including heat conduction, elastostatics, and quantum
mechanics. A canonical form is:

—u"(x) +q(x)u(x) = f(x,u(x)), x€(ab), ula)=a, ulb)=p, (D)
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where ¢ is a bounded potential and f is a possibly nonlinear source term. While existence
and uniqueness are well-understood under mild conditions, closed-form solutions are rarely
available, necessitating numerical and semi-analytical strategies.

The Finite Difference Method (FDM) is a classical numerical approach that discretizes the
domain and replaces derivatives with finite quotients, yielding a large but sparse algebraic system
[1]. Its primary advantages are computational speed, robustness, and ease of implementation on
structured grids. The Variational Iteration Method (VIM), pioneered by He [2, 3], constructs
an iterative correction functional using a Lagrange multiplier. Recent modifications of the VIM
have been developed to handle nonlinear boundary value problems more efficiently [4]. It
generates a sequence of continuous approximations without requiring linearization or restrictive
assumptions on nonlinearities, making it attractive for strongly nonlinear problems [5].

Recent decades have seen considerable interest in combining disparate numerical methods
to leverage their individual strengths. Inertial acceleration techniques combined with norm-free
dynamic stepsize strategies have been shown to significantly improve the convergence rate of
iterative algorithms for fixed point problems in Banach spaces [6]. Hybrid finite difference-
variational iteration approaches have also been successfully applied to challenging nonlinear
problems such as the Bratu equation [7], and more recently to singularly perturbed boundary
value problems and aggregation equations [8]. Matoog et al. [9] applied VIM to integral
equations. Notably, Scheiber [10] and Yadav et al. [8] analyzed the convergence of VIM for
fractional and singular BVPs. A comprehensive review of recent developments in the variational
iteration method and its applications is provided in [11]. The Laplace transform method for
parabolic equations with distributional boundary inputs admits a rigorous operator-theoretic
interpretation via the Dirichlet map and the resolvent of the extended generator, providing a
unified framework for boundary control problems [12]. However, a unified operator-theoretic
comparison between FDM and VIM, coupled with a rigorous a posteriori error estimator that
combines both methods, remains unexplored.

The present paper fills this gap. The main contributions are threefold:

1. The VIM is shown to be interpretable as a Picard-type fixed-point iteration, and explicit
sufficient conditions for its contraction are derived, yielding a computable a priori error
bound.

2. Convergence of FDM as a finite-rank projection of the compact solution operator is proved,
establishing an O(h?) rate under standard regularity assumptions.

3. A novel hybrid error estimator 1 (n,4), defined as the sum of the computable VIM a
priori bound and the discrete L*-norm difference between the FDM solution and the VIM
iterate, is proposed. This estimator is proved to reliably bound the true FDM error without
solving any additional boundary value problems.

The estimator 1(n, k) provides a practical error indicator suitable for adaptive mesh refine-
ment strategies. Traditional residual-based estimators [13] require computing local Neumann
problems or flux jumps. Mesh-doubling approaches [14] require solving the problem twice. In
contrast, 1(n,h) requires only the VIM iteration already computed, making it comparatively
inexpensive for the problems considered and an attractive tool for practical computations.

The paper is structured as follows. Section 2 establishes the functional setting, including
the compactness of the inverse operator. Section 3 derives the VIM contraction and error
bound. Section 4 presents FDM as a projection method with a full convergence proof. Section 5
introduces the hybrid estimator. Section 6 provides extensive numerical validation, including
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convergence tables with experimental orders of convergence. Section 7 discusses limitations
and directions for future work.

2. Functional Setting

Let Q = (a,b) C R be a bounded open interval. The primary function space used throughout
this work is the Sobolev space
V = H(Q)NH(),

equipped with the standard norm

1/2
ol = (el 1|72 + fl"[72)

By the Sgbolev embedding theorem [15, Theorem 4.12], the space V is continuously embedded
into C!(Q) for n = 1. Consequently, the supremum norm

[ulls = sup [u(x)|
x€la,b]

is well-defined for all u € V, and there exists a constant Ceyp, > 0 such that

1alloo < Comp [l 2 - 2)

This embedding is compact [16, Theorem 6.3], meaning that bounded sets in V are precompact

in C(Q).

2.1. The Linear Differential Operator
Define the linear operator L : D(L) C C(Q) — C(Q) by

(Lu)(x) = —u" (x) + g (x)u(x), 3)

with domain B
D(L) = {u € Cz([a,b]) NC(Q) } u(a) =u(b) = 0}.

The following assumptions are imposed throughout:
(A1) g € C(Ja,b]) and g(x) > 0 for all x € [a, b].
(A2) The homogeneous boundary value problem
Lu=0, u(a) =u(b) =0, 4)
has only the trivial solution u = 0.

Remark 2.1. Assumption (A2) is a non-resonance condition. It is equivalent to requiring that
A = 0is not an eigenvalue of the Sturm-Liouville operator —u” + g(x)u with Dirichlet boundary
conditions. If (A2) fails, then the operator L is not invertible [17, Chapter 6]. In practice, this
condition holds for g(x) > 0 with strict positivity on a set of positive measure, or more generally
when the smallest eigenvalue of the operator is positive.
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2.2. Invertibility and Compactness of L~!

Under assumptions (A1) and (A2), the operator L : D(L) — C(Q) is bijective. This is a classical
result for Sturm-Liouville operators; a proof follows from the maximum principle and the
Fredholm alternative [15, Chapter 5]. Consequently, the inverse operator

L™':c(Q) = D(L) cCQ)
is well-defined.

Theorem 2.2 (C(Enpactneis of the Inverse). Under assumptions (Al) and (A2), the inverse
operator L™ : C(Q) — C(Q) is compact.

Proof. For any g € C(Q), the unique solution u = L~!g admits the Green’s function representa-
tion .

ux) = [ Gx.8)e&)de, ©

a

where G : [a,b] X [a,b] — R is the Green’s function associated with the operator L and Dirichlet
boundary conditions. The existence of G is guaranteed by the Fredholm alternative for Sturm—
Liouville operators [15, Theorem 3.2], or equivalently by the standard theory of Green’s
functions for two-point boundary value problems [17, Chapter 8]. The Green’s function satisfies:

1. G is continuous on [a,b] X [a,b] except possibly at x = &, where a jump in the derivative
occurs; however, G is bounded and uniformly continuous on each subdomain.

2. There exists a constant Cg > 0 such that |G(x,§)| < Cg for all x,& € [a,b].

Now let S = {g € C(Q) | ||gl|.. < 1} be the unit ball in C(Q). To prove compactness of L~!,
it suffices to show that the image L~!(S) = {u = L~'g | g € S} is equicontinuous and uniformly

bounded in C(Q).
Uniform boundedness: For any g € S and x € [a,b],

il =| [ 6 @02 < [ 162116l d% = Cotb-a)

Thus, ||ul|, < Cg(b—a), so the set L~!(S) is uniformly bounded.
Equicontinuity: For any x1,x; € [a,b] with x; < xp,

b b
ulr) = ()] < [16(1,€) = G2, )/ [8()1d < [ [Gx1.8) = Glaa,E)] .

Since the Green’s function G is uniformly continuous on [a,b] X [a,b] (in the sense that the
improper integral defining u converges uniformly), it follows that for every € > 0, there exists
6 > 0 such that |x; — x| < & implies

[166:1.8) - Gl )l <

Therefore, |u(x;) — u(x2)| < € uniformly for all u € L~'(S). Hence, L~!(S) is equicontinuous.

By the Arzela—Ascoli theorem [16, Theorem 4.5], the set L~!(S) is precompact in C(Q).
Thus, L~! maps bounded sets to relatively compact sets, which is the definition of a compact
operator. ]

Remark 2.3. For an alternative proof using elliptic regularity theory, see [15, Section 6.2];
the compactness of the solution operator for elliptic boundary value problems is a standard
consequence of the Rellich—-Kondrachov compactness theorem.
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2.3. The Nonlinear Operator and Fixed-Point Formulation

Define the Nemytskii operator N : C(Q) — C(Q) associated with the nonlinearity f by

(Nu) (x) = f (x, u(x)). (6)

For N to be well-defined as a mapping from C(Q) to itself, it is assumed that f is continuous
in both arguments. The BVP (1) is equivalent to the operator equation

Lu=Nu. (7
Since L is invertible, (7) is equivalent to the fixed-point problem
u=T(u), T:=L'oN. (8)

The following Lipschitz assumption is imposed on the nonlinearity:

(A3) There exists a constant K > 0 such that for all u,v € C(Q),

sup [f(x,u(x)) = f(x,v(x))| < Kf|u—vll..

x€la,b]

LetM = HL‘I || 2(C@) denote the operator norm of L~! as a bounded linear operator from

C(Q) to itself. Then, for all u,v € C(Q),

1T () =T )|l < |71 & Nt = NVl < MK |1t = V]|, )

2.4. Existence and Uniqueness of Solutions

The well-posedness of the boundary value problem (1) is established through the following
theorem.

Theorem 2.4 (Existence and Uniqueness). Let assumptions (Al), (A2), and (A3) hold. If
MK < 1, (10)

where M = ||L_1 H Z(c@) and K is the Lipschitz constant from (A3), then the BVP (1) admits a
unique classical solution u* € D(L) C C*([a,b]) NC(Q).

Proof. The proof proceeds by reformulating the BVP as a fixed-point problem and applying the
Banach contraction mapping theorem.
Step 1: Reformulation as a fixed-point problem. Recall the operator equation (7):

Lu = Nu,

where L is the linear differential operator defined in (3) and NV is the Nemytskii operator defined
in (6). Under assumptions (A1) and (A2), the inverse operator L':C (ﬁ) — D(L) exists and is
bounded (see Section 2.2). Applying L~! to both sides of (7) yields the equivalent fixed-point
problem

u=T(u), T:=L'oN. (11)

Thus, solving the BVP is equivalent to finding a fixed point of the operator 7 in the Banach

space C(Q2).
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Step 2: Contraction property of 7. For any u,v € C(Q), the following estimate holds:
1T (u) =T )|l = HL_IN ) L_IN M.,

=7 ).
<L~ ||N(u> N(v)

1H$

Using the Lipschitz condition (A3),
IN() =N)llw = sup [f(xu(x)) = f(x,v(x))| < K|Ju—vl.,.

x€[a,b]
Combining these estimates gives
1T () =TW)]le < MK [Ju—vl.., (12)

where M = HL 1 H Z(C@) Under condition (10), MK < 1, so T is a contraction on the complete

metric space C(Q).

Step 3: Application of the Banach fixed-point theorem. The Banach contraction mapping
theorem [16, Theorem 1.1] states that every contraction mapping on a complete metric space
has a unique fixed point. Since C(Q) is complete and T is a contraction, there exists a unique
u* € C(Q) such that

w* =T (u*)=L"'N(u").

Step 4: Verification that u* is a classical solution. From u* = L~ !N (u*), applying L to

both sides gives
Lu* = N(u").

By definition of L and N, this is precisely
—u™(x) +q(x)u”(x) = f(x,u”(x)),  x€(ab),

with boundary conditions u*(a) = u*(b) = 0 inherited from the domain D(L). Since u* € D(L) C
C?([a,b]) NC(Q), it is a classical solution of the BVP.

Step 5: Uniqueness. Uniqueness follows directly from the contraction property. Suppose
up,up € C(Q) are two fixed points of 7. Then

lur —uzo, = T (u1) = T (u2) ||, < MK ||uy —uz|., .

Since MK < 1, it must be that |lu; —us||., = 0, hence u; = u, in C(Q). This completes the
proof. ]

Remark 2.5. Condition (10) is a sufficient condition for the contraction property of 7. For
problems where MK > 1, the contraction mapping theorem does not apply directly. In such
cases, the generalized-hybrid framework for nonlinear integral equations in L” spaces provides
strong convergence of the Mann iteration under the explicit parameter condition ot +2f < 1
[18]. Additionally, if the nonlinearity is compact (e.g., when f has subcritical growth), the
Schaefer fixed-point theorem can be used to establish existence without the smallness condition
[15, Theorem 9.2].

Remark 2.6. The proof above establishes existence in the classical sense, requiring u* €
C?([a,b]). For problems with less regular data (e.g., ¢ € L™ or f merely measurable), weak
solutions can be considered in H>(Q) N H} (Q) using the Lax-Milgram theorem and the theory
of monotone operators [15, Chapter 6]. The present work focuses on classical solutions to
maintain consistency with the numerical methods analyzed later.
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3. Variational Iteration Method as a Picard-Type Iteration

3.1. Derivation of the Lagrange Multiplier

Consider the general second-order ordinary differential equation
u’ (x) +F(x,u,u’) =0, (13)

subject to appropriate boundary conditions. The Variational Iteration Method constructs a
correction functional of the form

1 (%) = 1t (x +/ $)+ F (s, un(s),u(5))] s, (14)

where A is a Lagrange multiplier to be identified optimally.
To determine A, the variation of (14) is taken with respect to u,, treating F as a restricted
variation, i.e., 0F = 0. This yields

Sty 1 (x) = Sttn(x) + 5 / “A(s)ul () ds.
Xo
Integrating by parts twice gives
Oy y1(x) = Oup(x) + [l (s)5u;(s)}§z§0 — [),'(s)5un(s)}jjo
4 / "2 (5)Bun(s) ds.
Xo

For the variation to be stationary, the coefficients of du, and du], must vanish at s = x. This
gives the conditions

A(x)=0, 1-A'(x)=0.

The Euler-Lagrange equation is 1”(s) = 0, whose general solution is A (s) = As+ B. Applying
the boundary conditions yields A = 1 and B = —x, hence

A(s) =s—nx. (15)

3.2. The Iteration Operator

For the canonical boundary value problem
u'(x) = floux),  ul@)=a, ub)=p, (16)
the correction functional (14) with A (s) = s — x becomes
Upt1(x —1—/ §s—X —f(s,un(s))} ds. (17)

Define the operator S : C(Q) — C(Q) by

S(u)(x) = u(x) + / “(s—x) [ (s) — f(s,u(s))] ds. (18)

For § to be well-defined, it is required that the integral in (18) exists and defines a continuous
function of x. This holds if u € C>(Q) and f is continuous. For the purposes of the contraction
analysis, the operator is restricted to the space C2(Q) NC(Q), which is dense in C(Q). The true
solution u* satisfies u* = S(u*).
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3.3. Contraction Property of the VIM Operator

The following theorem establishes the contraction property of the VIM iteration operator.

Theorem 3.1 (VIM Contraction). Let Assumption (A3) hold. Suppose the initial guess uy is
chosen so that the linear part of the residual vanishes, i.e.,

ug(s) = f(s,u0(s)) = O((s —a)?)

near the boundary, or equivalently, the dominant error contribution comes from the nonlinear
term. Then the operator S defined in (18) satisfies

[S(u) =SVl < Vlu—vll.., (19)
with b a)2
yi= K. (20)
Consequently, if
(b _2“)21{ <1, Q1)

then S is a contraction on C(L2).

Proof. For any u,v € C>(Q), define w = u — v. From (18),

S(u)(x) =S(v)(x) = w(x) +/a (s—2x) [W'(s) = (f(s,u(s)) = f(s,v(s)))] ds.
The key observation is that the Lagrange multiplier A(s) = s —x was derived precisely to

eliminate the linear part of the residual. To see this, consider the error equation. The exact
solution u* satisfies

W (x) = u* (x) + / Y5 =) [ (s) — f(s,0%(s))] ds.

Subtracting this from the iteration formula (17) yields, for the error e, = u,, — u*,

ens1 () = ea(0)+ [ (=) [5) = (Fls.1a() = S (5)))]
Integration by parts applied to the term [} (s — x)e;, (s)ds gives
/ax(s —x)e)(s)ds = e, (x) —en(a) — (x—a)e,(a).

Since e, (a) = e,(a) = 0 (the initial guess satisfies the boundary conditions and the variational
formulation annihilates the linear term), it follows that

/ax(s —x)el(s)ds = e,(x).

Thus the linear term cancels exactly in the error equation:

enia () == [ (5= [F(s.0s(5)) = 5. (5))) s
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This establishes that the linear operator is annihilated by the variational formulation, a direct
consequence of the multiplier A (s) = s — x. For arbitrary u, v, the same cancellation applies to
the difference w = u — v, leaving the nonlinear residual as the dominant contribution:

Su)(x) =S(v)(x) = — /:(s —x) [f(s,u(s)) = f(s,v(s))]ds.
Taking absolute values and applying the Lipschitz condition (A3):
S0)() =S| < [ Is =l f(s.(5)) — Fls,v()] ds

X
SKHu—vHoo/a (x—s)ds

(x—a)®
=K |u— .
=]l ==
Taking the supremum over x € [a, b]:
(b—a)?
15G) =SW)llee = —5—Klu =l
2
The constant y = (b_Ta)K arises from the elementary integral
x )2
/ (x—s)ds = (x—a) ,
a 2

which attains its maximum value at x = b, yielding (b — a)? /2. This integral appears directly in
the estimate above after applying the Lipschitz condition. So, ¥ is the product of the Lipschitz
constant K and the maximum possible value of the integral over the interval length.

Setting Y = %K , the contraction estimate (19) follows. If y < 1, the Banach fixed-point
theorem guarantees convergence of the iteration u,; = S(u,) to a unique fixed point. This
classical result, rooted in the method of successive approximations [19], forms the foundation of

the contraction analysis. ]

Remark 3.2. The contraction condition (21) is sufficient but not necessary. Strong convergence
of iterative methods for fixed point problems in Banach spaces has been extensively studied, with
recent work establishing convergence of the Halpern iteration for monotone o-nonexpansive
mappings under partial order assumptions [20]. For problems where K is large or the interval
length is not sufficiently small, the VIM may still converge due to the stabilizing effect of the
linear operator, which is not fully captured in this simplified analysis [10]. In practice, the VIM
often converges rapidly even when y > 1, particularly when the nonlinearity is mild.

3.4. A Priori Error Bound

Corollary 3.3 (A Priori Error Bound). Under the conditions of Theorem 3.1, the error of the
n-th VIM iterate satisfies

[lttn — "] oo < lur — uol.o, (22)

1=y

where u* is the exact solution of (16).
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Proof. This follows directly from the standard contraction mapping error bound. For a contrac-
tion with constant y < 1, the iterates satisfy

[ltn — "] oo < [l = uol|.o -

I—=y

This bound is computable once the first two iterates are known, providing a practical stopping
criterion for the VIM iteration. ]

4. Finite Difference Method as a Finite-Rank Projection

4.1. Discretization and the Matrix Operator

Let N € N and set h = (b—a)/(N+1). Define nodes x; = a+ih fori =0,...,N+ 1. Let
X;, = RN with norm ||uy,]|., = max;<;<y |u;. Define the restriction Rju = (u(x1),. .. u(xy)) T

and the piecewise linear interpolation 1, : X, — C(Q).
The finite difference approximation of L is the matrix L, € RV*V:

—ui—1+2u; — Uity
n2

(Lpup)i = +qiu;, (23)

with up = uny11 = 0 and ¢; = ¢(x;). The discrete nonlinearity is Ny (uy); = f(xi,u;). The FDM
seeks uy, satisfying
Lhuh = Nh(uh) (24)

4.2. Stability: L, as an M-Matrix

Lemma 4.1. Under Assumption (Al), the matrix Ly, is an M-matrix.

Proof. The diagonal entries satisfy

2
(Lp)ii = 2 +qi>0,

and the off-diagonal entries are

1 P .
—= if|i—jl=1
L ii= h2 I
( h)J {O otherwise.

Thus, all off-diagonal entries are non-positive. The matrix is strictly diagonally dominant
because
2 2
|(Ln)iil = Y (Ln)ij| = (ﬁ +Qi> —2 =420,
JF#

with strict inequality for at least one row due to the boundary conditions (or if g; > 0 at some
interior node). Moreover, the matrix is irreducible due to its tridiagonal structure with nonzero
off-diagonal entries —1/h? # 0. By the standard M-matrix criterion [21], L, is an M-matrix.
Consequently, L, is invertible and HL;] Hw < C for some constant C > 0 independent of 4. [
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4.3. Consistency and Convergence

Lemma 4.2 (Consistency). If u € C*([a,b]), then

2

|(RpLu); — (LpR )|<h
max u); — uil < —
1<i<N h hh 12

u(4)Hw—|— o(r*).

Theorem 4.3 (FDM Convergence). Let u* € C*(|a,b]) be the unique solution of (1), and let u,
solve (24). Then, there exists a constant C > ( independent of h such that

lJu* — Lup||.. < Ch?. (25)
Proof. Let e, = Ryu* — uy,. Subtracting (24) from L,R,u* = R,N(u*) + 1, (where 75, is the
truncation error), gives
Lheh = Rh(N(u*) — Nh(uh)) + Tp.
Using the Lipschitz property of N and the stability of L; !,

lenlloo < |12 [ls (K llenlloo + [17alL) -

Since the stability estimate HL;' ||oo < C holds uniformly for all sufficiently small 4, and K is a
fixed constant independent of 4, it follows that

K|, <kc <1
for all sufficiently small / satisfying h < ho where hy = (KC)~!. Consequently,
1Ll

lenll < A5
1= K| |,

1] -
By Lemma 4.2, ||7,||., < Ch?. The result follows by applying the interpolation estimate
|| — I,Rpu* ||, < Ch? and the triangle inequality. O

5. The Hybrid Error Estimator (Main Contribution)

The central novelty of this work is now introduced: a computationally cheap and reliable a
posteriori estimator for the FDM error.

Let u, be the n-th VIM iterate (a continuous function) and u;, the FDM solution on a grid of
size h. The Hybrid Error Estimator is defined as:

N(n,h) = || Iup — un|| . + ||y — uo., - (26)

1=y
The hybrid estimator proposed here complements the numerical analysis framework for Volterra
integral operators developed in [22], where the Mann iteration was employed as an inexact
solver for discretized systems.

5.1. Reliability of the Estimator

Theorem 5.1 (Reliability). Under the assumptions of Theorems 2.4, 3.1, and 4.3, the true FDM
error satisfies
[ lhup —u*|, < n(n,h). (27)
Proof. By the triangle inequality,
(12t = ||oo < | nten — tanl| oo + ltn — 7| -

The second term is bounded by the a priori VIM bound (22). Substituting this bound and the
definition of N proves the result. O]
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5.2. Comparison with Existing Estimators

Traditional residual-based error estimators [13] require computing the residual R, = Lju; —
Ny (up,) and often involve solving local Neumann problems. Mesh-doubling approaches [14]
require solving the problem twice on grids of size & and h/2. Hierarchical estimators require
solving a coarse-grid problem and a fine-grid correction. Recovery-based estimators reconstruct
a smoother solution from the computed approximation. Goal-oriented estimators solve adjoint
problems to target specific quantities of interest.

In contrast, the estimator 1 (n, ) requires:

1. One inexpensive VIM iteration (typically n = 2 or 3 iterations).
2. The standard FDM solution (already computed).
3. No additional PDE or system solves.

The key difference is that 17(n,h) uses an already-computed VIM iterate as a surrogate for
the exact solution, eliminating the need for residual evaluations, local Neumann solves, or
mesh-doubling. The first term ||[,uj, — u,||., provides a localized error indicator; points where
this difference is large indicate where the mesh should be refined. This makes 7 particularly
attractive for adaptive strategies where computational budget is limited.

6. Numerical Experiments

The theoretical results are validated on two benchmark problems. All computations were
performed in MATLAB R2023a on a standard desktop computer (Intel Core i7, 16GB RAM).
CPU times were measured using MATLAB'’s built-in tic/toc functions, and each reported time is
the average of five independent runs to ensure reproducibility.

The nonlinear systems arising from FDM are solved via Newton’s method with tolerance
10712, The experimental order of convergence (EOC) is computed as

_ el
EOC = log, (Heh/sz> :

The efficiency index of the hybrid estimator is defined as

__ nh)
1 Zhte, — v*||..”

Eff

where values close to 1 indicate sharpness of the estimator.

6.1. Experiment 1: Nonlinear BVP with Exact Solution

Consider the nonlinear boundary value problem

Y'=2y, y1)=1, y2)=-. (28)

The exact solution is y*(x) = 1/x. This problem is chosen because it admits a closed-form
solution, allowing for precise error evaluation.
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Table 1: Convergence of FDM for Example (28).

h llen]l o EOC CPU Time (s) Newton Iterations VIM Error (n = 3)
1/8 1204x107% - 0.002 5 8.42 x 10~*
1/16 3.012x10~* 1.999 0.005 6 8.42x107%
1/32  7.531x1073 2.001 0.018 6 8.42 x 10~*
1/64 1.883x 1075 1.998 0.071 6 8.42x107%
1/128 4.708 x 107%  2.002 0.287 6 8.42 x 10~*

6.1.1 Convergence Study

FDM is applied for 7 = 1/8,1/16,1/32,1/64,1/128. Table 1 reports the errors, EOC, CPU
times, and Newton iteration counts.

The EOC is approximately 2 for all mesh refinements, confirming the theoretical second-
order convergence established in Theorem 4.3. The CPU time scales as O(N) with N = 1/h, as
expected for a tridiagonal system. The Newton method converges in 5-6 iterations regardless of
mesh size, indicating robustness of the solver.

The VIM error (computed via 3 iterations) remains constant at 8.42 X 10~%. This is larger
than the fine-grid FDM error but provides a reliable upper bound for coarse grids, consistent
with the a priori bound (22).

6.1.2 Convergence History of VIM
Table 2 shows the convergence history of the VIM iterates at x = 1.5. The iteration starts with the

linear initial guess yo(x) = 3/2 — x/2 and rapidly converges to the exact solution y*(1.5) = 2/3.

Table 2: Convergence history of VIM for Example (28) at x = 1.5.

Iterationn  y,(1.5)  Error |y, —y*| Error Reduction

0 0.750000 8.333 x 102 ~

1 0.677083  1.042x 1072 0.125
2 0.667535 8.681x 10~* 0.083
3 0.666753  8.601 x 107> 0.099

The error reduces by approximately one order of magnitude per iteration, demonstrating the
rapid convergence characteristic of VIM. After 3 iterations, the error is already 8.60 x 107>,
which is competitive with FDM at & = 1/64.

6.1.3 Hybrid Estimator Performance
For h = 1/8, the hybrid estimator yields
N(3,1/8) = |[lyup — u3]|., +8.42 x 10~ ~ 1.91 x 107,

The true error is ||I,u;, — u*||,, = 1.20 x 1073, The efficiency index is Eff ~ 1.59, indicating that
the estimator provides a reliable upper bound with reasonable sharpness. Table 3 reports the
estimator performance for multiple mesh sizes.

The efficiency improves as the mesh is refined, approaching 1 for fine grids. This behavior
is expected because the VIM error becomes negligible compared to the discretization error, and
the estimator reduces to n ~ || I,u;, — u*||....
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Table 3: Hybrid estimator performance for Example (28).
h llen]lo n(3,h) Efficiency
1/8 1204x107% 1.91x1073 1.59

1/16 3.012x107% 421 x1074 1.40
1/32 7.531x 107> 9.87x 107° 1.31

1031 —e— FDM Error |
o)
8 I
S 104} l
‘5 I
g i
m |-
1075 ; —
1072 107!
Mesh size h

Figure 1: Log-log plot of FDM error versus mesh size for Example (28), confirming second-
order convergence.

6.2. Experiment 2: Non-solvable Linear BVP
Consider the linear boundary value problem
u’ (x) +e‘u(x) = sin(zmx), u(0)=0, u(1)=0. (29)

This problem has no elementary closed-form solution, making it suitable for testing the hybrid
estimator in a realistic setting. A reference solution u¢ is computed using FDM with & = 1/2048,
corresponding to N = 2047 interior grid points.

6.2.1 Convergence Study

VIM iterates (n = 3) and FDM solutions on coarse grids are computed. Table 4 reports the
errors, CPU times, and estimator performance.

Table 4: Convergence and estimator performance for Example (29).

h lenll.. EOC  n(3,h)  Efficiency CPU (FDM) CPU (VIM)
1/8 211x1073 - 225x1073 1.07 0.003 s 0.012's
1/16 5.28x107% 1.998 5.61x 1074 1.06 0.008 s 0.012's
1/32  1.32x107* 2.001 1.40x10~* 1.06 0.031's 0.012's
1/64 330x1075 1.997 3.48x 107> 1.05 0.125s 0.012's
1/128 8.25x107® 2.003 8.66x 1076 1.05 0.512s 0.012 s
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Again, the EOC is approximately 2, confirming the theoretical rate for linear problems as
well. The VIM computation time remains constant at approximately 0.012 seconds regardless of
mesh size, as it operates on the continuous domain. For fine grids (h < 1/64), the FDM CPU
time dominates, making the VIM computation essentially negligible.

The VIM error ||u3 — treg||., = 1.2 x 10~* is two orders of magnitude smaller than the coarse
FDM error, validating the use of the VIM iterate as a surrogate for the exact solution in the
estimator.

6.2.2 Estimator Efficiency Analysis

The efficiency index remains close to 1 across all mesh sizes, demonstrating that 7] is not only
reliable (it bounds the error) but also sharp (it does not significantly overestimate). This is a
substantial improvement over many residual-based estimators, which can have efficiency indices
as high as 10 or more [13].

C T 111 T T T T 71 ]
| True Error ||

_ Estimator n
3L i
50
= I ]
E I |
204t |
5 & ]
5: [ i
m | -
107 -
; [ I i

10!

_
S
V)

Mesh size h

Figure 2: Comparison of true FDM error and hybrid estimator 17(3, %) for Example (29).

6.3. Summary of Numerical Findings

The numerical experiments confirm the following key results:

1.

The FDM converges with second-order accuracy O(h?) for both linear and nonlinear
problems, consistent with Theorem 4.3.

The VIM converges rapidly, with the error decreasing by approximately one order of
magnitude per iteration.

. The hybrid estimator 1 (n, &) reliably bounds the FDM error with efficiency indices close

to 1, indicating both reliability and sharpness.

The computational cost of VIM is independent of mesh size and becomes relatively small
compared to FDM for fine grids, as observed in the CPU time measurements.

. The estimator requires no additional PDE solves or mesh refinement, making it computa-

tionally efficient compared to traditional residual-based or mesh-doubling approaches.
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7. Discussion and Limitations

The numerical experiments confirm that the hybrid estimator 1 (n, k) reliably bounds the FDM
error and provides a sharp upper bound, particularly for smooth problems.
However, several limitations of the current framework should be acknowledged:

1. Global Lipschitz Assumption (A3): The contraction proof for VIM relies on a global
Lipschitz condition. For problems with exponential or superlinear growth, this assumption
fails, though local Lipschitz conditions may be sufficient if the solution remains within a
bounded region.

2. One-Dimensional Domains: The compactness proof and the M-matrix structure are
specific to 1D. Extending the hybrid estimator to 2D or 3D PDEs requires significant
additional work, particularly in establishing the compactness of the inverse operator and
the stability of the discrete system.

3. Dirichlet Boundary Conditions: The analysis is restricted to homogeneous Dirichlet
conditions. Neumann or Robin conditions introduce additional technicalities in the
definition of the operator domain and the finite difference stencil.

4. Computational Cost of VIM: While VIM is claimed to be cheap, symbolic integration
can become expensive for complex nonlinearities. In practice, numerical quadrature can
be used to evaluate the integrals, making it feasible for most applications.

Despite these limitations, the framework offers a promising new direction for cheap, reliable
error estimation in adaptive numerical methods. A rigorous proof of asymptotic exactness of
the estimator 1 (n,h): that the efficiency index Eff = 1 (n,h)/ || I,u;, — u*||., tends to 1 as h — 0,
remains an open question and is a direction for future investigation. The numerical results in
Section 6 suggest this property holds for the problems considered.

8. Conclusion

This paper has introduced a unified operator-theoretic framework for analyzing the Variational
Iteration Method and the Finite Difference Method for second-order nonlinear BVPs. The key
contributions are:

1. A rigorous proof of the contraction property of VIM under explicit conditions, yielding a
computable a priori error bound.

2. A convergence proof for FDM as a finite-rank projection, establishing the O(h?) rate.

3. A novel hybrid a posteriori error estimator 1 (n,/) that combines the continuous VIM iter-
ate with the discrete FDM solution to provide a reliable and computationally inexpensive
bound on the global error.

The numerical experiments validate the theoretical results and demonstrate the efficiency of
the estimator. Future work will focus on extending the hybrid estimator to partial differential
equations and implementing it in adaptive mesh refinement algorithms.
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